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Similar argument gives:  











 +=
2

sin)(sin )( ��� xx      ■



Journal of Al-Quds Open University for Research and Studies - No.14 - October 2008

199

Thus,








+
���

+







��
+

�
++

�=� ∫
��

L

)1)(2)(3(
1

)1)(2(
1

1
11

)1()!(
1

0

1/1

������

�� � dtteeg t

Using Lemma 3, we get: 
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Using theorems 1 and 2, the following theorem is obtained: 
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Corollary 1:
The fractional derivatives of order �  of the functions xsin  and xcos  are given by 
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Proof:

Using the identity ixexix =+ sincos and according to Theorem 3:
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and using the identity:
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For any x and positive integer n, the following equivalent equality is obtained: 
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Now, let )(xh  denote the right side of the previous equality, clearly it satisfies 
)()( xhxh =� , then xcexh =)( , where c is constant. Hence it is sufficient to prove 

that: )!( ��=c . Now, let 1=x  then:
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Two cases are considered as follows: 
Case I:  Let 1�>� ,  then the series is convergent for any { }L,3,2,1�� ,
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Upon using Lemma 1, an equality of the form is obtained: 
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Theorem 2: 
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Proof:
It is sufficient to prove the theorem for Z�� , because for Z�� , the theorem is 
obvious. So, assume that Z�� .
Using the expansion 
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and hence the theorem can be proved if the following identity is proved: 

xexxxxx
=+

�
+

�
+

�
+

��
+

��
+

�������

LL

)!2()!1()!()!1()!2(

2112

�����

�����

Let

LL +
�

+
�

+
�

+
��

+
��

+=
�������

)!2()!1()!()!1()!2(
)(

2112

�����

����� xxxxxxg



Ibrahim M. Alghrouz
 NEW PROOFS OF FRACTIONAL DERIVATIVES
 OF THE EXPONENTIAL AND TRIGNOMETRIC FUNCTIONS

16

6

Proof:
Using the definition of Gamma function, we have 

∫∫∫

+�
����

+�
�� +==+��=�

1

1

00
)1()!( dttedttedtte ttt �����

For the first integral Lemma 2 implies 















+
���

+
��

+
�

= ���
∫ L

)1(2)(3(
1

)1)(2(
1

1
11

1

0 ������
� edtte t  (1) 

For the second integral, using repeated integration by parts we have:
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Now, from (1),(2) and (3) we have: 
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Since ∑

�

=

�
�� �
=

0 !
)1(

n

nn
t

n
tet

�
� , then 

(1) dt
n
tdtte

n

n
nt

∫ ∑∫ 













�=
�+

=

�
��

1

0 0

1

0 !
)1(

�
�

     ∑∑ ∫

�+

=

�+

=

�

+�
�

=
�

=
00

1

0 1
1

!
)1(

!
)1(

n

n

n

n
n

nn
dtt

n �
�

i.e.

(2)   L+
�

�
�

+
�

�
�

=∫
��

����
�

4
1

!3
1

3
1

!2
1

2
1

!1
1

1
11

0
dtte t

A proof of the following identity was reported in p.238 of Ref. [4]: 

(3) 









 +
+

�
+

+
+

�
�

=+
+�

+
+�

LL

3
1

!3
1

2
1

!2
1

1
1

!1
11

)()2(
1

)1(
1

xxxxx
e

xx

Substituting ��= 1x , equation (3) becomes: 
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From (2) and (4), we have: 
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Lemma 3: 

For any 0>� ,
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In this paper it is proved that the fractional derivatives of order ,� R�� , of the 

exponential function xe is the exponential function xe .  This is done using the following 
lemmas:

Lemma 1 
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In [2], it is proved that, by using the definition as in Equation (1.0), 
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Also, in [1] the new definition to the fractional derivatives of the constant function and 
the function nx  gives the same results. 
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INTRODUCTION AND DEFINITIONS 

A fractional derivative 
�

�

dt
tfd )(  is an extension of the familiar nth derivative 

n

n

dt
tfd )(  of the function )(tf . The most common definition for the fractional derivative of 

order R��  of the function f is the “Riemann-Liouville integral”, see [2],[3],[5]:
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where ( )n�  is the Euler’s Gamma Function.
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