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In general, if n is a positive integer, then 
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n-times integrations. 
Hence, ∫ ∫ ∫=� dxxfxf n )()()(

L , n-times integrations. 

Now, if we take xexf =)( , then for any positive integer n, we have 
xn exf =)()(   and ∫ ∫ ∫=� dxexf xn

L)()(

Therefore, can we prove that xexf =)()(�  for any R��  by using this method? In [2],
and [6] , they proved that it is true via the method described in Equation (1.1). Also, we 
feel the answer is true by our method and we conjecture the following:

Conjecture:

For any R�� , ( ) xx ee
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�

�
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Note that for any positive integer n, this definition agrees with the traditional 
definition of the derivative as the following examples show: 

(1) 0
)!()1(

)( =
�

=
��

= �� nn
n

n
x

n
cx

n
cc

dx
d

(2) 333
3

3
)1(

)!2(
!

)13(
)1()( ��� �=

�
=

+��

+�
= nnnn xnnx

n
nx

n
nx

dx
d .

Also, if 0=�  we have 

)(
)!()!0(

)(
0

)0( xf
i
xa

i
xaxf

i

i
i

i

i
i ==

�
= ∑∑

�+

��=

�+

��=

�
.

Now the question is the case n is a negative derivative integer? let 1�=n , then 
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Remark: In [2], it is proved that, by using the definition as in Equation (1.1), 
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Therefore, our definition to the fractional derivatives of the constant function and the 
function nx  give the same results. 

4. SOME PROPERTIES

We are now in a position to discuss some properties of fractional derivatives.  We 
will show that fractional derivatives have several properties that one would expect, such 
as the fractional derivative operator is linear and repeated fractional differentiation is 
accumulative.
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 if � is non-integer number.

The interpretation of the coefficients +
� �Zia i , is the following. The coefficient 

1�a is equal to )0(g , where )()( xfxg =� , i.e. it is the integral constant of ∫ dxf .

Similarly, 2�a  is equal to the integral constant of ( )dxdxf∫ ∫ , and so on.

Thus the calculation of the fractional derivative of f requires knowledge of all 
coefficients of  integration,  but  not  only  the  mapping RRf �: .   Note  that  if f is
given  by  the  right  side  of  (1.2),  then  its  derivatives  of  any  order  is  defined 
similarly.  It happens very often that the left side of (1.3) diverges, and then we apply the 
method of summation of the divergent series presented previously. 

3. APPLICATIONS

Using this new approach we can prove the following theorem that verifies some 
formulas for fractional derivatives of order R��  of several functions. 
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1. INTRODUCTION  

A fractional derivative
�

�

dt

tfd )(  is an extension of the familiar nth derivative 

n

n

dt

tfd )(  of the function )(tf . The literature contains many examples of the use of 

fractional derivatives, see [1],[3]. The most common definition for the fractional 
derivative of order R��  of a function f is the “Riemann-Liouville integral”, see 
[2],[3],[4],[7]:
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where ( )n�  is the Euler’s Gamma Function.  

For example, using equation (1.1), the (1/2)th derivatives of the functions 
xxf =)(  and xxg =)(  can be evaluated as 
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In this paper, we will consider summation of “divergent” series for calculating of 
fractional derivatives of order R��  of several functions. We give some examples and 
prove some properties for the fractional derivatives. 

2. DISCUSSION OF THE METHOD 
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differential equation which it satisfies, even if the radius of convergence of the power 
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h�K�

fO� wIOIŠ œbŽ  Ê√ YOŠ Wł—b�« s� U� Ê«d²�« WI²A� u¼ Y×³�« «c¼ Ÿu{u�
.bI²Ð Y×³�« «c¼ w� UML� bI� Æ©W¹d�J�« WI²A*«® U³łu� U×O×� «œbŽ ÊuJ¹ Ê√ …—ËdC�UÐ

ÆÊ«d²�ö� …uI�« WK�K�²� vKŽ œUL²ŽôUÐ U� Ê«d²�ô W¹d�J�« WI²ALK� b¹bł n¹dFð
 U½«d²�ö� W¹d�J�« WI²A*« »U�×Ð UML� b¹b'« UMH¹dFð vKŽ «œUL²Ž«Ë ‚UO��« «c¼ w�Ë
u¼ U� oO³Dð sŽW&UM�« ZzU²MK� WIÐUD� ZzU²M�« X½U� YOŠ œËb(« …dO¦�  U½«d²�ô«Ë W²ÐU¦�«
hzUBš iFÐ  U³ŁUÐ UML� p�– v�« W�U{« ÆW¹d�J�« WI²ALK�  UH¹dFð s� Êô« v�« ·ËdF�

ÆW¹d�J�« WI²A*«
wÝô« Ê«d²�ô«  w¼ wÝô« Ê«d²�ö� W¹d�J�« WI²A*« ÊuJð ÊUÐ bI²F½  UM½U� «dOš√Ë

  U½«d²�ô«Ë WO¦K¦*«  U½«d²�ö� W¹d�J�« WI²A*« vKŽ ‰uB(« w� U½bŽU�¹ «c¼Ë t�H½
ÆW¹bz«e�«

 U½«d²�ö�W¹d�J�«  UI²A*« œU−¹ô oO³D²�«WKNÝWO�« œU−¹«w�sLJðY×³�« «c¼ WOL¼«Ê«
sŽ dEM�« iGÐ ÈuI�« WK�K�²� WI¹dÞ vKŽ t²ÐU²� sJ1 ‚UI²ýö� qÐU� Ê«d²�« q� Ê« YOŠË
Íc�«Ë ‰U−*« «c¼ w� W³OÞ ZzU²½ UMODFð Ê√ sJ1 WI¹dD�« Ác¼ Ê« Èd½ UM½U� t�bŽ Ë« »—UI²�«

Æ…dO¦J�« WOKLF�«  UIO³D²�« vKŽ fJFM¹ ·uÝ Á—ËbÐ
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Abstract

A derivative of a function of order , for any real number ( called a 
fractional derivative) is the subject of this paper. In  this  paper  a  new defi-
nition of the fractional derivative of order  of a function is given. This 
new definition will depend on the formal power series summation. We used
this new definition to find the fractional derivative of the constant functions
and the polynomials. The result was the same result by using the known 
definitions of fractional derivatives until now. Also, we proved properties of
the fractional derivative. Finally, we conjecture that the fractional derivative 

of order  of the exponential function is the exponential function  
and this will help us in finding the fractional derivatives of the trigonometric
functions and hyperbolic functions.

The purpose of this research is to find an easy way to derive the fractional
derivatives for the functions, since every differentiable function can be rep-
resented by power series expansion, even if the radius of convergence of the 
power series is 0, we believe that this method will give nice results which can 
be used in the application.

42



* Department of Mathematics / Al-Quds University, Jerusalem, Palestine.Region, Palestine.

A NEW APPROCH TO 

FRACTIONAL  DERIVATIVES

Ibrahim M. Alghrouz*

41


